This paper deals with the numerical solution of space-time fractional partial differentialdifference Toda lattice equation
Introduction
In this paper, we shall consider the space-time fractional (2+1)-dimensional Toda lattice equation described in equation (1) and (2) below. The importance of Toda lattice is, together with the Korteweg -de Vires equation, one of the most classical and significant completely integrable systems. Several methods have been developed to reveal its philosophical mathematical structure [1] . The (2+1)-dimensional Toda lattice hierarchy has been proposed as an extension of the KP hierarchy. This comprises the (2+1)-dimensional Toda lattice equation as the modest nontrivial differential-difference equation. The Toda lattice equation and the sine-Gordon equation are derived by imposing suitable reductions on the (2+1)-dimensional Toda lattice equation [2] . These type of equations, usually, describe the evolution of certain phenomena over the course of time [3] . This paper studies the space-time fractional differential-difference Toda lattice equation (denote I = (a, b)),
from the initial and homogeneous Dirichlet boundary condition
where the mixed derivative ∂ 2α u n ∂ x α ∂t α denotes the space-time derivative with fractional order 2α of the function u = u(x,t) at t = t n . The derivative ∂ α u n ∂t α also denotes time derivative with fractional order α ∈ (0, 1). We consider the most frequently used the Riemann-Liouville and the Caputo derivative for fractional derivatives in (1.1). Riemann-Liouville fractional derivative with fractional order α of the function u = u(x,t) is defined by [4, 5] , i.e.,
where Γ(x) is the Euler's Gamma Function. Another definition of fractional derivative is Caputo derivative. Caputo fractional derivative with fractional order α of the function u = u(x,t) is defined by [4, 5] as follows: 
Hence, a natural way to discretize the Caputo derivative in the equation (1.1) is to use the Grünwald-Letnikov approximation [6] .
Numerical implementation
One method of the solutions of fractional equations based on numerical methods and solutions are determined by implementing the numerical methods on original (physical) domain. These methods are adapted for fractional integrals (Riemann-Liouville integrals etc.) and derivatives (Caputo derivatives and the Riesz Derivatives etc.) based on polynomial interpolation, Gauss interpolation or linear multistep methods. For the numerical solution to the considered problem above we construct a uniform grid of mesh points t n with t n = n∆t, n = 0, 1, . . . , N t and ∆t = T /N t . One can define the space step size ∆x = (b − a)/N x . The space grid point x k is given by x k = a + k∆x, k = 0, 1, . . . , N x . We denote the exact solution u(x,t) at (x k ,t n ) by u n k = u(x k ,t n ) and approximate solution by U n k at the same grid point (x k ,t n ).
Toda Lattice Equation for Riemann-Liouville derivative in time:
For the numerical solution to the considered problem (1.1), we consider Riemann-Liouville time-fractional derivative:
We can discretize the Riemann-Liouville fractional derivative of u(x,t) at t = t n by the Grünwald-Letnikov formula as follows:
where w α j are the coefficients of the generating function, that is w α 0 = 1, w α j = (1 − (α + 1)/ j)w α j−1 , j ≥ 1 and p = 1 [4, 5] . Then the finite difference approximation of (2.1) is given as follows: 
So (2.2) gives the approximate solution for all points (x k ,t n ), k = 1, N x − 1, n = 1, N t − 1 as follows: 
Toda Lattice Equation for Caputo derivative in time:
For the numerical solution to the considered problem (1.1), we consider Caputo time-fractional derivative:
We can discretize the Caputo fractional derivative of u(x,t) at t = t n by the L1-method defined as follows: [4, 5] . Then the finite difference approximation of (2.3) is given as follows: .4) gives the approximate solution for all points (x k ,t n ), k = 1, N x − 1, n = 1, N t − 1 as follows: 
Conclusion
In this study the space-time fractional partial differential-difference Toda lattice equation is considered. We use the finite differences method for numerical solution of the problem and present computational results for the case of two type of time fractional derivative (Riemann Liouville and Caputo) with fractional order α = 0.75. Numerical experiments show that any of the fractional (Riemann-Liouville and Caputo) derivatives may be used for any physical problem without any reluctance and the choice of the fractional derivative is negligible at least the problem considered in this study.
